In the present paper, we propose a new approach to investigate the logistic function, which is commonly used in mathematical models in economics and management. The approach is based on indicating in a given time series, having a logistic trend, some characteristic points corresponding to zeroes of successive derivatives of the logistic function. We also give examples of application of this method.
Introduction
The logistic equation is defined as Many of economic phenomena, also related to the management follows equation (1) (see papers [3, 4, 5, 9, 10 , and 11]).
A phenomenon described by equation (1) and function ) (t u has an important property that the rate of growth ) (t u is proportional to the level already achieved, i.e. ) (t u .
On the other hand, if ) (t u is sufficiently large, then the factor ) ( u u max  is more and more significant and its influence inhibits further growth of the function ) (t u .
Mathematically equation (1) is the first order ordinary differential equation, which is easily solved by the method of the separation of variables.
The main idea of the present paper is to look, among the data of a given time series, for some characteristic points, which correspond to zeroes of derivatives of the logistic function. One of these points is clearly the point corresponding to the inflection point (i.e. the zero of u   ) of the logistic curve at which, as is well known, the logistic function takes the value /2 max u . For a sufficiently long time series, the point corresponding to the inflection point is easy to locate, even from the graph. If the data were collected for the time points spaced equally, then, instead of estimating the values of the first derivative, it is sufficient to calculate successive differences and seek the maximum for them.
What we can do, however, when the time series is not long enough, and we expect that the investigated phenomenon follows the logistic curve? When the phenomenon is on early stage of growth and the data is available only in a relatively short time interval? Statistical methods for estimating the parameters of the logistic function based, for example, on the method of the nonlinear least squares may be unreliable, because functions having significantly different values of the saturation level may produce only slightly differing error values. A way to explanation of the situation seems in seeking, in the time series, points corresponding to zeroes of successive derivatives of the logistic function. For equally spaced time points, this is equivalent to calculating successive differences. For example, as we will see in Section 3, the zero of the third derivative u    (i.e., the extreme (maximum) of the second derivative u   ) occurs at the point where the value of the logistic function is approximately In order to understand the further reasoning, we have to introduce the so-called Eulerian numbers (see for instance Graham et al. [2] .
The first few Eulerian numbers are given in the Table  1 . It is well known that Eulerian numbers satisfy the following relations: 
On the right hand side of equation (4) 
The above formula (5) has been discussed during the Conference ICNAAM 2006 (September 2006) held in Greece and it appeared, with an inductive proof, in paper [6] (see also [7] ). Independently, the formula has been considered and proved, with a proof based on generating functions, by Franssens [1] .
The polynomial, of order 1) (  n of the variable u, appearing on the right hand side of equation (5) is known in the literature as the derivative polynomial. It can be proved (see [8] ) that all 
3
Further properties of the logistic function and its derivatives Formula (5) applied to the particular form (2) of the logistic equation is as follows:
The polynomial of the variable u, of order 1) (  n on the right hand side of (6) is uniform in the sense of the following remark.
Remark 1. If a number 0
u is the root of the polynomial on the right hand side of (6) i.e.,
then dividing both sides of (7) 
Let us write down, using formula (6) and the notation of (8) . We obtain successively:
can be calculated explicitely, so the polynomials can be factored and we get , 2 
Therefore, the least positive roots of the polynomials are In Fig. 7 , we see two characteristic points of the exemplary logistic curve (with the same parameters as on Fig. 1 ) with the constants given above.
In Fig. 2-6 
Loyalty cards in a chain of stores
The data in the Table 2 represent the number of loyalty cards (NLC) issued in a large chain of stores in Poland.
The observations relate to the period December 2011-November 2013 (e.g., 47/12 means forty-seventh week of the year 2012).
In the initial period of time, covering the first 2 or 3 months, the phenomenon was a fairly rapid process, due to Christmas, New Year and a big promotional campaign. Then the situation stabilised and in the next weeks the total number of loyalty cards (Total NLC) proceeded according to a logistic curve. Fig. 8 shows the total number of issued cards starting from the tenth week of all observations. We will try to use, to the above data, our theory described in the earlier sections. Let us take into account the first ten observations from the Fig. 8 (see the second and third columns of the Table 3 and Fig. 9 ). We calculate the successive differences for the data. Otherwise, we could find a polynomial, which best fits the data in the sense of the least square method and then investigate its second derivative for a maximum. Such polynomial, e.g. of order four, is as follows can estimate by starting a project to introduce a loyalty card, e.g. in a chain of stores, we could use the logistic curve to determine the increase in the number of loyal customers. At the same time, we could develop a promotion plan for the recruited persons, so that the budget of a given period of time (e.g., for a year) had a chance to be in a real way achieved.
During the project, the model created by the logistic curve allows us to monitor the effectiveness of the project, to draw conclusions and make appropriate decisions if there were derogations from our previous assumptions.
Diffusion of mobile telephones in two countries
Recently many papers have been published, which were devoted to mathematical modelling of the percentage diffusion over the population of mobile telephone for different countries (see [3, 5, 10 and 11] ).
Consider two European countries, one with a stable and well-developed economy -Germany and the second, relatively recently accepted into the European Union -Slovak Republic, which transformed from a centrally planned to a market-driven economy. Table  4 shows the rate of mobile telephone subscriptions per one inhabitant in the two countries (see also Fig. 10 and 11). The data, corresponding to the period from 2000 to 2012, were collected from the International Telecommunication Union (ITU, http://www.itu.int) and these corresponding to the period 1995-1999 were extracted from the paper C. Michalakelis, T. Sphicopoulos [5] .
On the graph for Germany (see Fig. 11 ) are seen two perturbations and changes in the trend. Table 4 that SCD clearly takes its maximal value at the point 0.28. Thus, the estimated saturation level is u max = 0.28/0.211 = 1.327. It seems interesting to note that, despite of the perturbations described above, a similar level has been reached in 2013, and was equal 1,301. 
Purchases of certain medical devices
The data in Table 5 relate to some specific medical devices used in the diagnosis and treatment of patients. These products are used in public and private medical institutions.
The main users are public institutions, which buy these products using public funds in accordance with the 'Public Procurement Law'.
The average lifetime of the product is about 3 years. After this period, the device is subjected to a major renovation restoring its full functionality or is exchanged for a new one. The specificity of purchases from the budget indicates that purchases of these products are usually made in the fourth quarter of the calendar year. Increasing demand for these products contribute to periodic health programs implemented under 
Conclusions and future works
In this paper, we have presented a method to study time series having the logistic trend. The approach is based on indicating some characteristic points corresponding to zeroes of successive derivatives of the logistic function in the data. We gave a general formula for the nth derivative of the logistic function, expressing it in terms of the derivative polynomials and Eulerian numbers. Then, we have computed first few derivatives and calculated zeroes of the corresponding derivative polynomials. It seems that from a practical point of view, especially with relatively small number of initial data, particularly significant is the leading zero of the third derivative, where the logistic function takes value 0.211u max .
We have shown the usefulness of our method with examples related to economics and management. We have demonstrated that when a phenomenon is at its early stages of development, then the saturation level may be effectively predicted.
We believe that this approach should be used together with existing methods, e.g. the nonlinear least squares method.
In our next research works, we will apply a similar idea for other mathematical models used in economics and management as Gompertz and Bass curves.
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